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CROSS SECTION FOR IMPACT IONIZATION OF H ( 1 s )  ATOMS 

BY H( 1s) ATOMS NEAR THRF,SHOLD 

by John W. Sheldon 

L e w i s  Research Center 

SUMMARY 

Rosen's treatment of impact i o n i z a t i o n  of n e u t r a l  atoms i s  appl ied  t o  t h e  
c o l l i s i o n  of ground-state hydrogen atoms near t h e  ion iza t ion  threshold.  The 
s i n g l e t  i n t e r a c t i o n  p o t e n t i a l  i s  approximated by a Morse p o t e n t i a l  and t h e  t r i p -  
l e t  i n t e r a c t i o n  p o t e n t i a l  i s  approximated 'by an exponential  repuls ive  po ten t i a l .  
The energy-dependent i o n i z a t i o n  cross  sec t ion  i s  presented f o r  c o l l i s i o n  energy 
between threshold  and twice threshold.  
assumption i s  b r i e f l y  discussed. 

An impl ica t ion  of t h e  c l a s s i c a l  path 
1 ;  
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$'r INTRODUCTION 

Several  years  ago an approximate method w a s  introduced by Rosen ( r e f .  1) 
f o r  t h e  ca l cu la t ion  of atom-atom impact i on iza t ion  cross  sec t ions  f o r  c o l l i s i o n  
energ ies  near threshold.  A t  t h a t  time it w a s  appl ied  to helium-helium c o l l i -  
s ions  ( r e f .  1) and argon-argon c o l l i s i o n s  ( r e f .  2 ) .  The method i s  used he re in  
t o  compute t h e  energy-dependent cross  sec t ion  f o r  t h e  i n t e r a c t i o n  

H ( 1 s )  + H ( 1 s )  + H ( 1 s )  + Hf + e- (1) 

near threshold.  

This ca l cu la t ion  has a s imi l a r  bu t  simpler pe r tu rba t ion  matr ix  element 
than  those considered by Rosen; hence, much of t h e  ca l cu la t ion  requi red  t o  ob- 
t a i n  a c ross  sec t ion  f o r  process (1) has a l ready  been repor ted  ( r e f .  1). 

I 

The only previous ca l cu la t ions  ( r e f .  3) f o r  process (1) made use of t h e  
Born approximation and the re fo re  only apply a t  energ ies  considerably above 
threshold.  

ROSEN ' S APPROXIMATION 

The method assumes t h a t  t h e  two c o l l i d i n g  atoms follow c l a s s i c a l  pa ths  
d i c t a t e d  by t h e i r  i n t e r a c t i o n  po ten t i a l ,  b u t  a t  a t i m e  corresponding t o  t h e i r  



dis tance  of c l o s e s t  approach a pe r tu rba t ion  i s  suddenly turned  on. The pe r tu r -  
b a t i o n  matr ix  element V f i  between t h e  i n i t i a l  s t a t e  i and f i n a l  s t a t e  f 
of t h e  two-atom system decays very slowly because t h e  inc iden t  atom has l o s t  
most of i t s  k i n e t i c  energy and i s  moving away very slowly. 
d i t i o n s  w i l l  be met only i f  t h e  k i n e t i c  energy of t h e  inc ident  atom i s  no more 
than  about twice t h e  th re sho ld  value. The r e s u l t  of an i o n i z a t i o n  c ross -sec t ion  
ca l cu la t ion  under these  conditions i s  obtained from reference  2 as 

Obviously such con- 

A e lec t ron  2 i s  i n i t i a l l y  bound t o  atom B. The 
per turba t ion  p o t e n t i a l  i s  then  given by b 

2 where 
l i s i o n ,  m i s  t h e  e l e c t r o n  mass, p i s  t h e  e j e c t e d  e l e c t r o n ' s  momentum, and 
V f i ( R )  i s  t h e  pe r tu rba t ion  matr ix  element. ( A l l  symbols a r e  defined i n  t h e  
appendix.) The r e l a t i o n  between t h e  d is tance  of c l o s e s t  approach R and t h e  
impact parameter b i s  given by t h e  c l a s s i c a l  expression 

I i s  t h e  ion iza t ion  energy, E = 1/2(pv ) i s  t h e  r e l a t i v e  energy of' col-  

b U ( R )  1 = ( E )  + - 
E 

where U ( R )  i s  t h e  i n t e r a c t i o n  p o t e n t i a l  between t h e  two atoms. 

Per turba t ion  Matrix Element 

The pe r tu rba t ion  matrix element f o r  t h e  i n t e r a c t i o n  

H ( 1 s )  + H ( 1 s )  + H ( l s )  + H' + e- 

i s  w r i t t e n  

(3) 

where V i s  t h e  pe r tu rba t ion  po ten t i a l ,  $i i s  t h e  product of two Is wave 
func t ions  and lrf  i s  t h e  product of a Is wave func t ion  and a plane wave 
represent ing  t h e  f r e e d  electron.  1 

Figure 1. - Coordinate system. 
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The i n i t i a l  and f i n a l  wave funct ions are 

respec t ive ly ,  where cp i s  t h e  normalized Is wave func t ion  given by 
> 

where a. i s  t h e  Bohr rad ius  and z i s  t h e  e f f e c t i v e  charge. Combining equa- 
t i o n s  ( 4 )  t o  ( 6 )  gives  

? 
Taking advantage of normalization and t h e  following i n t e g r a l s  worked out 

by Rosen ( r e f .  1) 
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give t h e  per turba t ion  matrix element as 

vfi = ';I 1 I1 + - - 1 ~ 1 ~  

Rosen ( r e f .  1) made t h e  approximation, I2 - I5 N 0. 
atomic separa t ion  R i s  much g r e a t e r  than  t h e  e l ec t ron  o r b i t a l  radius. Using 
t h i s  approximation and t h e  eva lua t ion  of I1 and I4 i n  reference 1 gives  

This implies  t h a t  t h e  

2 P2 Subs t i t u t ing  equat ion ( 9 )  i n t o  equation ( 2 )  and def in ing  X = - 2m1 

2 E2 
a = (e) (a2 = un i ty  for Is hydrogen) 

uo = (ao = 256 a: f o r  Is hydrogen) 
( 2m1) 5/212 

and 
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y i e l d s  
+ 

J An i n t e g r a l  t a b l e  ( ref .  4 )  was used t o  obta in  t h e  fol lowing eva lua t ion  of equa- 
t i o n  (10): 

f ( X m , l )  = - + xm 
+ 1)5 

xm + 7% 

m I + -  256 + + 
384k: + 1)2 256(< + 

I n t e r a c t i o n  P o t e n t i a l  

I n  order  t o  eva lua te  g t h e  va r i ab le  of i n t e g r a t i o n  i s  changed from b 
t o  R ( r e f .  1). Equation (3)  can be u t i l i z e d  t o  w r i t e  b db as 

The c l a s s i c a l  c o l l i s i o n  paths  of two hydrogen atoms each i n  a Is e lec-  
t r o n i c  s t a t e  can follow one of two well-known p o t e n t i a l  energy curves corre- 
sponding t o  t h e  3Cu and 'C ( p a r a l l e l  and a n t i p a r a l l e l  sp ins )  states of t h e  
quasi-molecule (S la t e r ,  ref. 5) .  These p o t e n t i a l  curves a r e  shown i n  f i g u r e  2 
as repor ted  by Dalgarno and Lynn ( re f .  6) .  

g 

Also shown i n  f i g u r e  2 a r e  t h e  convenient approximate forms of t h e  poten- 
t i a l s  used f o r  computation of g. The 3Cu state  i s  represented  by an exponen- 
t i a l  repuls ive  p o t e n t i a l  

4 

where CL = 3.6 Rydbergs and P = 1.48 a:'. The l.Zg s ta te  i s  w e l l -  
1 approximated by t h e  Morse P o t e n t i a l  (S l a t e r ,  ref. 5). 
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3 4 
tance, R, a, 

Figure 2. - The interaction energy of H(ls)  + H(ls): solid lines (ref. 6). Dashed lines, approx- 
imate functions. 

where D = 0.35 Rydberg, B = 1.08 ai1, and y = 1.5 ao. When the  3Cu poten- 
t i a l  (eq. (14)) i s  used i n  equations (11) and (13) t o  compute 
designated g 
nated gl. 

g t he  r e s u l t  i s  
when t h e  'Zg p o t e n t i a l  (eq. (15)) i s  used t h e  r e s u l t  i s  desig- 

3; 

Evaluation of g3 and gl 

Combination of equations (11) and (13) with equations (14) and (15) gives 

and 
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respec t ive ly ,  where 
where from equations (3 ) ,  (14),  and (15) 

z = 1 , a. = 1 (us ing  atomic u n i t s  f o r  t h e  case of H(ls)), 

l a  Ro3 = p I n  - 
E 

and 

The i n t e g r a t i o n  ind ica t ed  i n  equations (16a) and (17a) may be put i n  t h e  
form 

and 

g l  = h(4,%1) - eZBYh( 4 + 2B,%1) + 2 E eBrh(4 + B , k 1 )  

( 17b 1 + 2 BeZBrk( 4 + ZB, Rol) - D BeBr,( 4 + B, ROl) 
E 

where h and k a r e  def ined by 

and 

where 
( r e f .  7 ) .  

- E t ( - X )  i s  t h e  exponential  i n t e g r a l  t abu la t ed  by Jahnke and Emde 

Ion iza t ion  Cross Section 

The ion iza t ion  cross  sec t ion  0 for t h e  i n t e r a c t i o n  along a t r i p l e t  PO- 3 
t e n t i a l  and 
equations (12), (16b), and (17b) .  These cross  sec t ions  a r e  presented i n  f i g -  
ure 3. Also shown i n  f i g u r e  3 i s  t h e  cross  sec t ion  75 which would be observed 
experimentally i f  t h e r e  were no mechanism f o r  systematic s e l e c t i o n  of sp in  
s t a t e s .  This average c ros s  sec t ion  5 i s  given by ( r e f .  8)  

a1 f o r  t h e  i n t e r a c t i o n  along a s i n g l e t  p o t e n t i a l  a r e  given by 
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Figure 3. - Cross section of H(ls) +H(ls) impact ionization. 

t h e  inc ident  p a r t i c l e  a t  t h e  l a r g e  values 
t h e  approximation Re N b, can be used. 

1 3 - 
(5 = z G1 + z o3 

CLASSICAL PATH APPROXIMATION 

The c l a s s i c a l  c o l l i s i o n  of 
p a r t i c l e s  under t h e  inf luence of 
c e r t a i n  c e n t r a l  p o t e n t i a l s  ( those  
which decrease f a s t e r  than  l/r as 
r 3 CO) follow paths  f o r  which the  
angular devia t ion  decreases as i m -  
pact  parameter increases .  A t  some 
c r i t i c a l  angle c l a s s i c a l  mechanics 
i s  no longer  v a l i d  ( r e f .  9 ) ,  and 
t h e r e  e x i s t s  a maximum impact param- 
e t e r  be, beyond which quantum e f -  
f e c t s  on " p a r t i c l e  path" must be 
considered. Rosen's approximation 
r equ i r e s  t h a t  t h e  p a r t i c l e  paths  be 
t r e a t e d  c l a s s i c a l l y ;  hence, f o r  
t h i s  approximation t o  be v a l i d  a l l  
i n e l a s t i c  t r a n s i t i o n s  must occur a t  
d is tances  of c l o s e s t  approach l e s s  
than  Re, where Re corresponds t o  
the  impact parameter be. Since 
t h e r e  i s  very l i t t l e  de f l ec t ion  of 

of impact parameter where be occurs, 

The r e l a t i o n  between Re and the  c o l l i s i o n  parameters f o r  an exponential  
p o t e n t i a l  of t h e  form 

- C Z r  
V ( r )  = Cle 

may be obtained from Mason, Vanderslice, and Raw ( r e f .  10).  
(1) and ( 6 9 )  combine t o  give 

Their equations 

where k = yv/E i s  t h e  wave number of t he  inc ident  atom. 

For t he  case of H ( 1 s )  - H ( 1 s )  c o l l i s i o n s  following the  3Z, i n t e r a c t i o n  
p o t e n t i a l  (eq. ( 1 4 ) )  R, i s  about 3.5 ao. The ICg $nterac t ion  p o t e n t i a l  at 
long range can be approximated by an exponential  a t t r a c t i v e  p o t e n t i a l  (eq. ( 1 9 )  

8 



w i t h  C1 = -2De BY , C2 = B).  This procedure g ives  a value of about 5a0 
for Re. 

The e f f e c t i v e  range of the i n t e r a c t i o n  may be approximated by 

where Reff < la, f o r  E < 21 ( f i g .  3 ) .  Hence > Reff for the H(ls )  
c o l l i s i o n s  repor ted  herein.  

CONCLUDING REMARKS 

It i s  su rp r i s ing  t h a t  more work has  not  been done wi th  Rosen's approxima- 
t i on ,  s ince it app l i e s  t o  t h e  i n t e r e s t i n g  thermal plasma energy regime j u s t  
above t h e  ion iza t ion  threshold.  This i s  an energy regime which i s  d i f f i c u l t  t o  
i nves t iga t e  experimentally.  

The mer i t  of t h e  method may be judged from a comparison made i n  re ferences  
1 and 2 with t h e  experimental  data of Rostagni ( r e f .  11) f o r  t h e  case of helium- 
helium and argon-argon co l l i s ions .  While t h e  experiments were performed a t  col-  
l i s i o n  energies  where t h e  v a l i d i t y  of t h e  sudden approximation i s  questionable,  
t h e  t h e o r e t i c a l  and experimental  cross sec t ions  agreed t o  with in  a f a c t o r  of 
about two. 

Lewis Re search Center, 
Nat ional  Aeronautics and Space Administration, 

Cleveland, Ohio, September 22, 1965. 
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APPENDIX - SYMBOLS 

d is tance  from e l e c t r o n  1 t o  nucleus A 

d is tance  from e l e c t r o n  2 t o  nucleus A 

A 1  

A2 
Z E  a atomic parameter, - - 

"0 JZE 
0 

rad ius  of f i r s t  Bohr orb i t ,  0 . 5 2 9  A 
"0 

B constant i n  Morse p o t e n t i a l  

d i s tance  from e l e c t r o n  1 t o  nucleus B B 1  

d is tance  from e l e c t r o n  2 t o  nucleus B B2 

b impact parameter 

c r i t i c a l  impact parameter b C  

constants  i n  exponent ia l  p o t e n t i a l  5' c2 

D d i s soc ia t ion  energy i n  Morse p o t e n t i a l  

e e l e c t r o n  charge 

f i n t e g r a l  def ined by eq. (10) 

i n t e g r a l s  def ined by eqs. (16a) and (17a)  gl '  g3 

35 Planck's constant  divided by 27t 

I i on iza t ion  energy 

I p I 2 ,  13, Rosen's i n t e g r a l s  eva lua t ing  eq. (8)  

I47 I5 
wave number, LE 35 k 

m e l ec t ron  mass 

P e j ec t ed  e l e c t r o n  momentum 

10 
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R 

RC 

Reff 

ROl '  R03 

r 

X 

xm 
z 

a 

P 

Y 

E 

iJ. 

U 

uO 

interatomic d is tance  of c loses t  approach 

c r i t i c a l  d i s tance  of c loses t  approach 

e f f e c t i v e  range of i n e l a s t i c  t r a n s i t i o n  

d is tance  of c l o s e s t  approach corresponding t o  b = 0 f o r  i n t e r a c t i o n  
p o t e n t i a l s  U1( R )  and Us( R) ,  r e spec t ive ly  

r a d i a l  coordinate 

d is tance  from e l e c t r o n  1 t o  e l e c t r o n  2 

variable i n  i n t e g r a l  func t ions  h( s, t),  k( s, t )  

variable i n  i n t e g r a l  func t ions  h( s, t),  k( s, t )  

s i n g l e t  hydrogen i n t e r a c t i o n  p o t e n t i a l  

t r i p l e t  hydrogen i n t e r a c t i o n  p o t e n t i a l  

per turba t ion  p o t e n t i a l  (eq. ( 5 )  ) 

exponent ia l  p o t e n t i a l  

pe r tu rba t ion  matrix element def ined by eq. ( 4 )  

ve loc i ty  of inc ident  atom 

dummy va r i ab le  of i n t e g r a t i o n  

ion iza t ion  parameter, 

e f f e c t i v e  charge 

range constant  i n  t r i p i e t  p o t e n t i a l  

energy constant  i n  t r i p l e t  p o t e n t i a l  

radius of energy minimum i n  Morse p o t e n t i a l  ( s i n g l e t  p o t e n t i a l )  

c o l l i s i o n  energy, 'z pv 

reduced m a s s  of c o l l i d i n g  atoms 

1 2  

ion iza t ion  c ross  sec t ion  

11 



s i n g l e t  i o n i z a t i o n  cross  sec t ion  Ol 

t r i p l e t  i o n i z a t i o n  c ros s  sec t ion  
O3 - 
O average i o n i z a t i o n  c ros s  sec t ion  defined by eq. (18) 

T var i ab le s  of i n t e g r a t i o n  represent ing  volume 

q ( r )  normalized hydrogen Is wave func t ion  

wave func t ion  f o r  f i n a l  s t a t e  of c o l l i d i n g  atoms given by product of Is 
wave func t ion  and plane wave represent ing  e j e c t e d  e l e c t r o n  

*f 

wave func t ion  f o r  i n i t i a l  state of c o l l i d i n g  atoms given by product of 
two Is wave func t ions  $i 

12 
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